Abstract. If L is a Lie algebra over R and Z its centre, the natural inclusion Z → (L * ) * extends to a representation i * : ΛZ → End H * (L, R) of the exterior algebra of Z in the cohomology of L. We begin a study of this representation by examining its Poincaré duality properties, its associated higher cohomology operations and its relevance to the toral rank conjecture. In particular, by using harmonic forms we show that the higher operations presented by Goresky, Kottwitz and MacPherson (1998) form a subalgebra of End H * (L, R), and that they can be assembled to yield an explicit Hirsch-Brown model for the Borel construction associated to 0 → Z → L → L/Z → 0.
§1. Introduction
Let L be a finite-dimensional real Lie algebra and let Z be its centre. For given z ∈ Z, the homomorphism Every finitely generated ΛZ-module is a direct sum of indecomposables [6] , but, ΛZ being nilpotent, it is not completely reducible. Indeed, all irreducibles have dimension one. The question of duality seems to be subtle; Poincaré duality may not exist in a strong sense (see Example 2.10 and Conjecture 2.11). Nevertheless, one does have a weak form of duality. If we consider the adjoint action of ΛZ on H * L determined by an inner product on L, then this together with the central representation makes H * L a bi-ΛZ-module. If * : H * L → H * L denotes the Hodge star involution on L, one has the following theorem.
Theorem 1.2. (S ⊗ H, δ) is a Hirsch-Brown model for the Borel construction associated to the short exact sequence
One motivation for this study is Steve Halperin's Toral rank conjecture (TRC) [10] . The toral rank r of a manifold is the largest rank of a torus acting freely on it, and the TRC states that dim H * (M ; R) ≥ 2 r . By analogy with nilmanifolds and their corresponding nilpotent Lie algebras over Q, the TRC for a Lie algebra L is dim H * L ≥ 2 dim Z [4] . As far as we are aware, this conjecture is open for Lie algebras over an arbitrary field k, although we will assume k = R throughout this paper. The TRC for Lie algebras is known to hold for a large class of nilpotent Lie algebras; it is true for algebras L possessing a grading [7] (see also [19] ). In particular, it is true for nilpotent Lie algebras of dimension at most 14 [4] , for free n-step nilpotent Lie algebras, and for all 2-step nilpotent Lie algebras (see [4] and [18] for other proofs of this fact).
The central representation enables an approach to the TRC in which the centre plays a natural role. If the central representation is faithful, then H * L contains a copy of the exterior algebra ΛZ and so the TRC holds for L (see Lemma 4.1). Computer computations using Mathematica show that, at least in low dimensions, most nilpotent Lie algebras have faithful central representations; in dimension ≤ 7, there are only a handful of exceptions. As well, there are a number of general families of algebras having faithful central representations; we give examples in §4. As we show in some examples in §5, when the central representation is not faithful, one can often use higher operations to complete a "cube" in H * L and in this way establish the TRC for the given algebra. In fact, we have not found an algebra where the TRC could not be obtained in this manner. Throughout this paper, we assume that (L, [ , ] ) is a unimodular Lie algebra of dimension n with centre Z. §2. Duality for primary operations
Choose an isomorphism χ : L → L * and extend it to an isomorphism ΛL → ΛL * as follows: set χ(1) = 1 and for
, and extend by linearity. While this is not an algebra homomorphism, one has χ(ab) 
If ϕ is a map on ΛL * , letφ denote the adjoint of ϕ relative to , . The following lemma is a straightforward consequence of Lemma 2.1:
Now recall the representation i : ΛZ → End ΛL * . For each a ∈ Λ k Z, i a is a linear map of degree −k. For each a ∈ ΛZ, let µ a denote the adjoint of i a . Using Lemma 2.2, one easily obtains:
The following result is a variation on the classical Hodge Decomposition Theorem [20, Chapter 6] . In our context, its proof is a straightforward exercise in linear algebra. We state it in some generality as we will use it both on ΛL * and H * L:
is a finite-dimensional inner product space and ϕ is a differential on Ω (i.e., ϕ 2 = 0), then for the Laplacian ∆ ϕ := ϕφ +φϕ, one has:
(a) ker ∆ ϕ = ker ϕ ∩ kerφ, and one has the following orthogonal decompositions: 
where n = dim L, and this is equivalent to the condition ∂ = 0. Thus d verifies the hypothesis of Lemma 2.2(a) and so (2.1) 
In particular, for homogeneous a ∈ ΛZ, the maps πi a are * -symmetric in the following sense:
We now take a slightly more abstract approach, so that we may use the results of this section again in §3 for the higher operations. Suppose that we have an associative algebra A and a representation i :
(b) a bimodule if it is both an i-module and a µ-module, (c) a * -bimodule if it is a * -invariant bimodule.
Recall that an i-module (resp. bimodule, resp. * -bimodule) M is said to be irreducible if M has no non-zero proper sub-i-modules (resp. sub-bimodules, sub- * -bimodules), and it is indecomposable if it cannot be written as the direct sum of two non-zero i-modules (resp. bimodules, * -bimodules). In fact, one has:
Proof. One direction is obvious. For the other, if N ⊆ M is a bimodule, consider its orthogonal complement N ⊥ in M , relative to the inner product , . Clearly M = N ⊕ N ⊥ and N ⊥ is a bimodule. Moreover, if N is a * -bimodule, it follows from Lemma 2.1 that N ⊥ is also a * -bimodule.
The next lemma follows easily from Lemma 2.1(a):
Lemma 2.8. Suppose that A is generated as an algebra by elements a for which
We can now give a result which has Theorem 1.1 as an immediate corollary, and which we will apply again in §3 for the higher operations. The disappointing aspect of the above result is that irreducible bimodules may be decomposable as i-modules. We give an abstract example which shows the sort of phenomenon that can occur: Example 2.10. Consider the 6-dimensional associative graded-commutative algebra Ω with generators α 1 = 1, α 2 , . . . , α 6 , of degree 0, 1, 1, 1, 1, 2, respectively, and defining relations α 2 α 3 = α 4 α 5 = α 6 . Choose the inner product for which the basis {α 1 , . . . , α 6 } is orthonormal. Consider the map * defined by α 2 → α 3 → −α 2 , α 4 → α 5 → −α 4 and * : α 1 ↔ α 6 . It is easy to see that * verifies conditions analogous to those of Lemma 2.1 (by replacing Λ p L * by Ω p ). Consider the algebra A generated by the maps a and b whose non-zero images on the basis elements are as follows:
Theorem 2.9. Suppose i is a representation of an algebra A in H * L and that A is generated as an algebra by elements a for which
Note that a and b are derivations of degree −1, and they are * -symmetric. As an i-module, Ω decomposes as a direct sum of three irreducible i-modules: Ω = span{α 1 , α 3 , α 2 + α 5 , α 6 } ⊕ span{α 5 } ⊕ span{α 3 + α4}. However, it is not difficult to show that Ω is irreducible as a bimodule.
As the above example indicates, it is not possible in general to decompose H * L as a direct sum of i-modules in a * -invariant manner. There is however, an analogous (conjectured) decomposition for i-modules. 
It is easy to see that since π and ∆ are self-adjoint, so too is G. Moreover, since ∆ commutes with * , d, ∂, π and itself, so too does G. A remarkable feature of the operations δ s is that they can be assembled into a differential, which yields a Hirsch-Brown model for (S ⊗ ΛL * , D),
on H, where the sum is taken over the set M(S) of monomials (of degree ≥ 1) in the variables ξ 1 , . . . , ξ m , and c(s) is the multinomial coefficient:
The sum is finite on any α because |δ s | = 1 − 2s < 0, and H <0 = 0. One has:
Proof. We are required to show that for each monomial s,
Note that these relations are analogous to those in Remark 1.3 of [1] . We first prove that (3.2) holds for all s of the form s = ξ k , with ξ ∈Z * and k ≥ 1. We will use: Lemma 3.6. For all z ∈ Z, the following hold on ΛL * :
Proof of Lemma 3.6. By (3.1), P z = (id − ∆ G)i z and so
which gives (a). Thus,
which gives (b). By summing, (b) gives
Thus, as Q z i z = ∂Gi z i z = 0, we obtain (c). Multiplying (c) on the left by P and using the facts that P z i z = πi z i z = 0 and
Returning now to the proof of the theorem, let z ∈ Z and set ξ =χ(z). When restricted to H, (d) of the above lemma gives 
. There is a map of differential complexes (S ⊗ H, δ) → (S ⊗ ΛL * , D) which induces an isomorphism in cohomology. In particular, H(S⊗H, δ) ∼ = H(L/Z) and so H(S ⊗ H, δ) is independent of the basis and the inner product used in the definition of δ.

Proof. Consider the linear function ζ : S → End H, defined on monomials s
and 
which is zero in End H. In order to complete the proof that φδ = Dφ, it remains to show that
for all s ∈ M(S) for degree ≥ 2. From Lemma 3.6(c), for all z ∈ Z and k ≥ 2, one has
; that is, for ξ = ζ * (z),
Polarizing (3.5), in the same way that we polarized (3.3) in the proof of Theorem 3.5, one obtains
When restricted to End H, one has c(s)ζ s d = 0 and so (3.6) gives (3.4); so φ is a differential map. We now show that φ induces an isomorphism in cohomology. To see this, note that the complexes (S ⊗ H, δ) and (S ⊗ ΛL * , D) both have bounded decreasing filtrations determined by the polynomial degree on S and moreover, φ is a morphism of filtered differential graded modules. In the spectral sequences of the complexes, one obviously has E 1 (S ⊗ H, δ) = E 1 (S ⊗ ΛL * , D) = S ⊗ H, and the map induced by φ between the two E 1 terms is the identity. Thus, by the comparison theorem (see [14, Theorem 3.2 
]), φ induces an isomorphism H(S ⊗ H, δ) → H(S ⊗ ΛL * , D). Lastly, consider the inclusion of complexes (ΛU, d) → (S ⊗ ΛL * , D), where we have written ΛL
Filtering by word length in ΛU , it is straightforward to see that this induces an isomorphism between the E 1 terms of the associated spectral sequences (both are ΛU ) and so
, which is independent of the basis and the inner product.
Thus H(S ⊗ H, δ)
is finite dimensional, and the following proposition shows that while all the primary operations may be trivial (see Examples 5.5 and 5.6), sufficiently many higher operations must be non-zero in order to render the cohomology finite dimensional: In the following examples, the bases will be chosen to be orthonormal, and their dual bases will as usual be denoted using * 's. . We remark that t n,k has an obvious grading (for which x * i,j is in level j), and the TRC for t n,k can also be deduced from [7] . 
Such a class Ω is called an affine cohomology class in [3] . In summary, one has: if a Lie algebra has a centre of dimension 1 and it possesses an affine cohomology class, then its central representation is faithful.
The algebras f n and s n are all filiform; that is, they possess an element of maximum possible nilpotency class. Filiform algebras all have centres of dimension 1, but while many possess an affine cohomology class, some do not [3] .
The Heisenberg algebra h m = span{x i , y i , z | i = 1, . . . , m, [x i , y i ] = z} has a centre of dimension 1 but for m > 1 it is not of the form K/Z(K). Nevertheless, its central representation is faithful; i * z is zero except from H m+1 h m → H m h m , where it is an isomorphism (this is clear from the explicit computation of the cohomology of h m given in [15] , and is also proven in [13] ). §5. Examples where the central representation is not faithful
In several of the examples below, we will consider the canonical central extension determined by
in this case, we will call L the full central extension of K, and denote it F (K). 
Example 5.2. The algebra 3, 5, 7 B from Seeley's classification ( [16] ) of nilpotent Lie algebras of dimension 7 is This algebra is unimodular and non-solvable; its centre is span{z}. The Betti numbers of L are 1, 0, 0, 2, 0, 0, 1, and so the central representation is completely trivial, as are the higher operations δ s for polynomials s of (polynomial) degree ≥ 3. There are only two non-zero secondary operations: has centre Z = span{z 1 , z 2 }. One finds that H * L has dimension 8, the central representation is trivial, as are the higher operations δ s for polynomials s of degree ≥ 3. The non-zero secondary operations give 2 dual irreducible bimodules of dimension 4 (see Diagram 4).
As we saw in Proposition 3.8, every Lie algebra has non-trivial cohomology operations of some sufficiently high degree. In the previous two examples, which are non-nilpotent, the central representation (i.e., the primary operations) is completely trivial. We conclude with: 
